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Abstract

Transport processes in an upright, concentric, annular, electrochemical reactor filled with RedOx electrolyte solution are studied
experimentally and theoretically. The electrodes form the two vertical surfaces of the reactor. The theoretical calculations consist of
the solution of the Navier–Stokes and the Nernst–Planck equations accounting for species’ diffusion, migration, convection, and elec-
trochemical reactions on the electrodes’ surfaces as a function of the difference in electrodes’ potentials and the average concentration
of the electrolyte. Since the convection is driven by density gradients, the momentum and mass transport equations are coupled. The
current transmitted through the electrolyte is significantly enhanced by natural convection. The current is measured as a function of
the difference in the electrodes’ potentials. To obtain the reaction rate constants, an inverse problem is solved and the reaction rate con-
stants are determined by minimizing the discrepancy between theoretical predictions and experimental observations. As an example, we
study the reversible electrochemical reaction Fe+++ + e� = Fe++ on platinum electrodes.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Electrochemical reactors are of interest for processes
ranging from energy conversion to material deposition
and production to propulsion. When an electric current is
transmitted in an electrochemical reactor, the resulting
concentration gradients in species induce density gradients,
which, in turn, drive natural convection. Often, the convec-
tive motion plays an important role in the transport pro-
cesses that occur in the reactor. For example, the
convective motion may greatly increase the electric flux’s
magnitude and non-uniformity and may cause non-
uniform material deposition during electroplating. Thus,
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it is not surprising that the study of natural convection in
electrochemical reactors has attracted considerable atten-
tion [1–15].

A theoretical investigation of the performance of the
electrochemical reactor requires one to simultaneously
solve the momentum and Nernst–Planck equations with
nonlinear boundary conditions describing the electrochem-
ical reactions at the electrodes’ surfaces. The solution of
these equations is not trivial, and many investigators have
made simplifying assumptions such as carrying out the cal-
culations only under limiting current conditions [8,9,12,14]
to avoid the need to account for electrode kinetics. In con-
trast, we solve the full problem using the nonlinear Butler–
Volmer expression for the electrochemical reactions on the
surfaces of the electrodes and accounting for migration in
the electrolyte solution.

Our interest in electrochemical reactors was inspired by
our work with magneto-hydrodynamic (MHD) propulsion
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Nomenclature

ci concentration of species i, mol/m3

Di diffusion coefficient of species i, m2/s
F Faraday’s constant, C/mol
g gravitational acceleration, m2/s
H height of the reactor
J current density, A/m2

ka forward reaction rate constant, m/s
kd backward reaction rate constant, m/s
mi mobility of species i, m2/(V s)
Ni flux density of species i, mol/(m2 s)
p pressure, Pa
r radial coordinate
RU universal gas constant, J/(mol K)
RI inner radius of the toroidal reactor, m
RO outer radius of the toroidal reactor, m

T absolute temperature, K
t time, s
U imposed potential on electrode, V
u velocity, m/s
V electric potential in the solution, V
zi charge number of species i

z vertical coordinate

Greek symbols

a charge transfer coefficient
q liquid’s density, kg/m3

q0 water’s density, kg/m3

l liquid’s visocity, kg/(m s)
g overpotential, V
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in electrolyte solutions. We are considering conduits having
rectangular cross-sections with electrodes deposited along
the opposing walls. When a potential difference is applied
across the electrodes in the presence of a magnetic field that
is parallel to the electrodes’ surfaces, the resulting current
interacts with the magnetic field to produce a Lorentz body
force that can propel the liquid. Many conduits may be
combined to form a network. By judicious control of the
electric potential applied to individually controlled pairs
of electrodes, one can propel the electrolyte along any
desired path without any mechanical pumps, valves, or
moving parts [16]. Miniaturized versions of toroidal
reactors of the type studied here can serve as thermal
cyclers for DNA amplification in which the reagents are
circulated among zones maintained at different tempera-
tures [17], stirrers that enhance mixing [18], heat exchang-
ers [19], and chromatographs with adjustable column
lengths [20].

When working with MHD reactors, it is convenient
to use RedOx species such as FeCl2/FeCl3 and potas-
sium ferrocyanide (K4[Fe(CN)6])/potassium ferricyanide
(K3[Fe(CN)6]) and inert (i.e., platinum) electrodes. These
RedOx electrolytes undergo reversible electrochemical
reactions at the electrodes’ surfaces without bubble forma-
tion, electrode corrosion, and depletion of the electrolyte
during operation.

Since we were unable to find the reaction rate constants
for FeCl2/FeCl3, we constructed a toroidal reactor consist-
ing of a 1.75 mm wide and 1.2 mm tall rectangular conduit
bent into a torus, filled the reactor with the electrolyte solu-
tion, measured the electric current as a function of the elec-
trodes’ potential difference, and attempted to match the
experimental data with theoretical predictions. In spite of
the relatively small dimensions of our reactor, natural con-
vection significantly enhanced the electrical current’s mag-
nitude. In order to properly solve the inverse problem, it
was necessary to account for natural convection effects.
This is the motivation for our study. We focus here on
studying the convective flow patterns in the absence of
magnetic fields.

Our study has a broader applicability than just our par-
ticular application. Knowledge of the convective flow pat-
terns in the annular reactor is also useful for designing and
understanding electroplating processes. Furthermore, we
demonstrate for the first time the feasibility of predicting
the reaction rate constants in the presence of significant
natural convection.

The manuscript is organized as follows. Section 2 intro-
duces the mathematical model for the ion transport in the
presence of convection and fluid motion driven by density
gradients. Section 3 describes the solver validation. Section
4 describes the experimental apparatus. Section 5 provides
a summary of the experimental results and describes the
reaction parameter estimation and the flow and concentra-
tion fields.

2. Mathematical model

Consider an annulus with a rectangular cross-section, an
inner radius RI, an outer radius RO, a height H, and a
width W = RO � RI (Fig. 1). We use a cylindrical coordi-
nate system: r, h, and z centered at the torus’ center. r, h,
and z are, respectively, the radial, azimuthal, and vertical
coordinates. The two electrodes cover the entire surfaces
of the opposing walls of the annulus r = RI and r = RO.
The bottom (z = 0) and top (z = H) of the conduit are insu-
lated. The conduit is filled with dilute RedOx electrolyte
solution. The potential difference imposed across the inner
and outer electrodes induces electric current flux JðA=m2Þ ¼
J rêr þ J hêh þ J zêz in the electrolyte solution. Hereafter,
bold letters denote vectors. êr; êh, and êz are, respectively,
unit vectors in the r-, h-, and z-directions. Jr, Jh, and Jz

are, respectively, the components of the current flux in
the r-, h-, and z-directions.



Fig. 1. A schematic of a toroidal conduit with a rectangular cross-section.
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The motion of the fluid induced by the electrolyte den-
sity variations is described by the continuity and Navier–
Stokes equations:

oq
ot
þr � ðquÞ ¼ 0 ð1Þ

and

q
Du

Dt
¼ qg�rp þ lr2u: ð2Þ

In the above, u ¼ urêr þ uhêh þ uzêz is the fluid’s velocity,
and ur, uh, and uz are, respectively, the velocity components
in the r-, h-, and z-directions; t is the time; p is the pressure;
g ¼ �gêz is the gravitational field; and q and l are, respec-
tively, the liquid’s density and viscosity. No-slip boundary
conditions are specified at all solid surfaces.

The density of the multi-component electrolyte solution
is given by [21]:

q ¼ q0 þ
XN�

i¼1

xi B1i þ B2iT � þ B3ixið Þ; ð3Þ

where q0 is the density of pure water; Bki are coefficients for
the ith electrolyte component (Table 1.2 in [21]); T* is the
temperature in �C; xi ¼ Mi ½ci �

1000q is the mass fraction of the
ith electrolyte component, and Mi and [ci] are, respectively,
the molecular mass (g/mol) and molar concentration (mol/
m3) of the electrolyte; and N* is the number of species in
the solution. For the RedOx pair FeCl3/FeCl2, N* = 2;
[c1] and [c2] are, respectively, the concentrations of FeCl3
and FeCl2; and M1 and M2 are, respectively, the molar
masses of FeCl3 and FeCl2.

When the RedOx couple FeCl3/FeCl2 is used, the elec-
trolyte solution contains the cations Fe3+ and Fe2+ and
the anion Cl�. More generally, the RedOx electrolyte solu-
tion contains K dissolved ionic species (k = 1, . . . ,K). The
flux densities of dissolved species k due to convection, dif-
fusion, and migration are given by

Nk ¼ uck � Dkrck � zkmkFckrV ; k ¼ 1; . . . ;K ð4Þ
assuming that the electrolyte solution is dilute and the salt
completely decomposes into ions. In the above, ck is the
molar concentration, Dk is the diffusion coefficient, zk is
the charge number, and mk is the mobility of the kth ion
species. F is Faraday’s constant, and V is the electrical
potential in the electrolyte solution. The flow field u is
determined by simultaneously solving the continuity and
Navier–Stokes equations (1) and (2). Using the Nernst–
Einstein relation, the mobility is expressed in terms of the
diffusivity Dk, the universal gas constant RU, and the abso-
lute temperature T.

mk ¼
Dk

RUT
; k ¼ 1; . . . ;K: ð5Þ

The concentration of each species is governed by the
Nernst–Planck equation [22,23]:

ock

ot
þr �Nk ¼ 0; k ¼ 1; . . . ;K: ð6Þ

In the above, we assume that there are no homogeneous
reactions.

Eq. (6) consist of K + 1 unknown variables: the concen-
trations of the K dissolved species and the electric potential
V. The electroneutrality condition provides the (K+1)th
equation:

XK

k¼1

zkck ¼ 0: ð7Þ

Since the width of the conduit is much larger than the
thickness of the electrical double layer, we do not include
the electrical double layer in our model.

The current flux J in the electrolyte solution due to con-
vection, diffusion, and migration is given by

J ¼ F
XK

k¼1

zkNk: ð8Þ

The electroneutrality condition (7) suggests that the con-
vective flux does not contribute directly to the current flux,
but it affects the concentration distributions and, hence, the
diffusive and migrative fluxes.

The boundary condition for an inert species (no elec-
trode reactions occur for that species) and for all species
at the insulated boundaries is

n �Nk ¼ 0; ð9Þ

where n is the unit vector normal to the surface.
For the RedOx couple, oxidation and reduction reac-

tions occur, respectively, on the surfaces of the anode
and cathode:

Oxþ ne� () Red: ð10Þ
When the RedOx couple is the FeCl3/FeCl2 electrolyte
solution, Ox and Red in the above reaction correspond,
respectively, to Fe3+ and Fe2+, and n = 1. The Butler–
Volmer equation describes the kinetics of the electrodes’
reactions [22–25]:



Inlet conduit 

Platinum electrodes 

Exit conduit 

Electrode lead
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n �NRed ¼ �n �NOx ¼ kacOxe
�anF

RT g � kdcRede
ð1�aÞnF

RT g; ð11Þ
where cOx and cRed are the concentrations of the active ions
involved in the electrode’s reactions (10) at the edge of the
electric double layer; a is the charge transfer coefficient for
the cathodic reaction, usually ranging from 0.0 to 1.0; n

represents the number of electrons exchanged in the reac-
tion, and n = 1 for the RedOx couple FeCl3/FeCl2; ka

and kd are, respectively, the forward and backward reac-
tion rate constants;

g ¼ U � V ; ð12Þ
U is the imposed potential on the electrode; and V is the
potential of the electrolyte solution at the edge of the elec-
tric double layer next to the electrode.

Initially, the torus is filled with a well-mixed FeCl3/
FeCl2 electrolyte solution with equal concentrations of
FeCl3 and FeCl2 ([FeCl3] = [FeCl2] = C0). Then the oppos-
ing electrodes are connected to the terminals of a power
supply. In view of the angular symmetry, the problem
admits axi-symmetric, two-dimensional solutions in the r-
z plane. When the reaction parameters X = (ka,kd,a) are
known, one can solve the forward problem of the coupled
mass and momentum equations to obtain the current as a
function of the electrodes’ potentials [1–15]. When the reac-
tion kinetics are not known, one needs to estimate X by
comparing the model’s predictions with the experimental
results and searching for X values that minimize the dis-
crepancy between the theoretical predictions and the exper-
iments. This is known as the inverse problem. In this paper,
we estimate the reaction rate constants of the reversible
reaction Fe+++ + e� = Fe++ on platinum electrodes in
the presence of significant natural convection. The need
for these reaction rate constants arose in our work on mag-
neto-hydrodynamic microfluidic networks.

3. Solver validation

To solve the strongly coupled system (Eqs. (1), (2), (6),
and (7)), we used the finite element package FEMLAB1

(version 3.1). We employed non-uniform elements with a
larger number of elements concentrated next to the elec-
trodes’ surfaces, where concentration boundary layers are
expected to be present. We verified that the numerical
solutions are convergent, independent of the size of the
elements, and satisfy the various conservation laws inclu-
ding current conservation and ion conservation for each
of the species. For example, the relative difference jIa�Ic j

Ia
<

0:01%, where Ia and Ic are, respectively, the current enter-
ing the reactor through the anode and leaving the reactor
through the cathode. In the interest of space, we omit
details.

Our code’s predictions compare favorably with numeri-
cal solutions available in the literature for electrochemical
1 FEMLAB is a product of COMSOL AB Inc., Sweden (www.femlab.
com).
reactors with specified flow fields [29] and with analytical
solutions for magneto-hydrodynamic flow of RedOx elec-
trolytes in the presence of an abundance of supporting elec-
trolyte in planar conduits [30]. Finally, with appropriate
selection of reaction parameters, our code predicts well
the experimental results reported below.

4. Experimental set-up

The experimental apparatus consisted of a toroidal con-
duit with a 7.2 mm inner diameter, a 10.7 mm outer diam-
eter, and a 1.2 mm height. The reactor was constructed
with two 1.6 mm thick sheets of polycarbonate. The toroi-
dal conduit was milled (Fadal 88 HS, Chatsworth, CA) in
one slab, and access conduits were milled in the other slab.
Electrodes were formed with 50 lm thick platinum sheets
bent into cylindrical shells. The platinum sheets were
placed along the inner and outer walls of the conduit to
form opposing electrodes. Subsequent to the insertion of
the electrodes, the two polycarbonate slabs were thermally
bonded at 143 ± 1 �C with a hot press (Carver Inc., IN) to
form a hermetically sealed reactor with access ports. Fig. 2
is a photograph of the experimental device. The two elec-
trodes were connected to the terminals of a DC-power sup-
ply (Hewlett Packard, HP 6032 A), and the potential and
current were monitored with a multimeter (Hewlett Pack-
ard, HP 3458A). Both the power supply and multimeter
were connected to a computer with a GPIB interface.
The power supply was controlled and the experimental
data was collected and analyzed with LabVIEW (National
Instrument, TX, USA). The cavity was filled with the
RedOx couple FeCl3/FeCl2 at various concentrations.
The electrolyte solution was prepared by dissolving a
weighted mass of FeCl3 and FeCl2 (Fisher Scientific) in
known quantities of DI-water. During the experiments,
we changed the electrodes’ potentials and measured the
current as a function of time until steady state conditions
were achieved. All the experiments were carried out at
room temperature.

5. Results and discussion

In the first, second, and third parts of this section, we
present, respectively, the experimental data, the parameter
Electrode leadThermocouple 

Fig. 2. A photograph of the experimental device.
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Fig. 4. The steady state current as a function of the electrolyte
concentration when the difference in electrodes’ potentials is 1 V. The
average concentrations [FeCl3] = [FeCl2] = C0 = 0. 1 M. The solid circles
with the error bars, the solid line, and the dashed line represent,
respectively, experimental data, theoretical predictions accounting for
natural convection effects, and theoretical predictions neglecting natural
convection effects.

3972 S. Qian et al. / International Journal of Heat and Mass Transfer 49 (2006) 3968–3976
estimation procedure, and the descriptions of the computed
flow and concentration fields.

5.1. Experimental results

Fig. 3 depicts the electric current (mA) as a function of
time when the difference in the electrodes’ potentials was
1 V at t = 0. The electrolyte consisted of equal amounts
of ferro and ferri chloride C0 = [FeCl3] = [FeCl2] = 0.1,
0.25, 0.4, 0.6, and 0.8 M. The current decayed and after a
few oscillations reached a plateau. In all cases, steady cur-
rent was eventually obtained and maintained indefinitely.

The period of the oscillations, about 400 s, was of the
same order of magnitude as the diffusion time constant
(RO � RI)

2/D � 103 s. As the electrolytes’ concentrations
increased, so did the amplitude and the duration of the
oscillations. When C0 6 0.25, the fluctuations were barely
visible. The magnitudes of the first peaks above the steady
state values were approximately 0.04, 0.17, 0.40, and
0.68 mA when C0 = 0.4, 0.6, 0.8 M and 1.0 M, respectively.
Roughly, the oscillation’s amplitude scaled like 0.75 C0

3.12.
The oscillatory behavior suggests that natural convection,
induced by variations in the density of the electrolyte,
played an increasingly important role as the electrolyte
concentration increased. The Rayleigh number
Ra ¼ gH 3jq�q0jmax

lDFe3þ
� 0:76� 105, 1.2 · 105, 1.8 · 105, and

2.8 · 105 when C0 = 0.4, 0.6, 0.8, and 1.0 M. In the above,
we adapted the definition for the Rayleigh number sug-
gested by Taylor and Hanratty [31]. In the definition of
the Rayleigh number, q0 is the initial density of the electro-
lyte prior to the transmission of electric current in the solu-
tion; q is the local density of the electrolyte at steady state
obtained by solving the forward problem with the esti-
mated reaction kinetics X (see below); and jq � q0jmax

denotes the maximum deviation of the electrolyte’s density
from its average value.
Fig. 3. The current as a function of time when a difference in potentials
of 1 V is applied to the electrodes. The average electrolyte concentrations
are 0.1 M, 0.25 M, 0.4 M, 0.6 M, and 0.8 M FeCl3 and FeCl2.
Fig. 4 depicts the steady state current as a function of the
electrolyte’s concentration (C0 in M) when the difference in
the electrodes’ potentials is 1 V. The solid circles with the
error bars correspond to the experimental data. The error
bars indicate variations between repeated experiments
under seemingly identical conditions. The solid and dashed
lines correspond, respectively, to theoretical predictions (to
be discussed later) that account for and neglect natural con-
vection effects. As the electrolyte concentration increased,
the current increased at a rate of I � C1:3

0 . Since in the
absence of natural convection we would expect the current
to increase at a rate slower than linear, the superlinear rate
of increase provides yet another indication that natural con-
vection plays a significant role in our experiments.

Fig. 5 depicts the steady state current as a function of
the difference in the electrodes’ potentials when the electro-
lyte concentration is C0 = 0.1 M. The circles with the error
bars correspond to experimental data. The solid and
dashed lines correspond, respectively, to theoretical predic-
tions (to be discussed later) accounting for and neglecting
natural convection effects. When the difference in the elec-
trodes’ potentials was smaller than a certain value (about
0.4 V), the current increased nearly linearly as the differ-
ence in electrodes’ potentials increased. Once a threshold
difference in electrodes’ potentials was surpassed, the cur-
rent saturated at its limiting value.

5.2. Parameter estimation

In this section, we estimate the electrochemical reaction
parameters X = (ka,kd,a) in the Butler–Volmer equation.
To this end, we compute the mean square difference



Fig. 6. The normalized mean square error (SD) is depicted as a function
of the normalized parameter ka. Both SD and ka are normalized with their
optimal values.

Fig. 5. The steady state current as a function of the difference in
electrodes’ potentials when the average electrolyte’s concentration is 0.1 M
FeCl3 and 0.1 M FeCl2. The solid circles with error bars correspond to
experimental data. The solid and dashed lines correspond, respectively, to
theoretical predictions accounting for and neglecting natural convection
effects.
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SD ¼ 1

KK

XKK

i¼1

ðIeðiÞ � IpðiÞÞ2 ð13Þ

between the measured current Ie and the predicted current
Ip. The summation is carried out over KK measurements
for various differences in electrodes’ potentials when the
electrolyte concentration is 0.1 M. The objective is to deter-
mine the values of X = (ka,kd,a) that minimize SD.

We started the optimization process by providing an ini-
tial guess for X. We then solved the coupled problem of
mass and momentum transfer and computed the electrical
currents for various differences in electrodes’ potentials
when the electrolyte concentration is 0.1 M. In the simula-
tions, we used the diffusion coefficients 6.04 · 10�10, 7.19 ·
10�10, and 2.032 · 10�9 m2/s, respectively, for Fe3+, Fe2+,
and Cl� [32]. Steepest descent technique was used to cor-
rect the initial guess. The procedure was carried out with
Matlab’s Optimization Toolbox2 while the computations
of the flow field and current distribution were carried out
with the finite element program FEMLAB (version 3.1).
The process was repeated until the convergence criteria
jSD(k+1) � SD(k)j 6 0.0001 was satisfied. In the above,
SD(k+1) and SD(k) were, respectively, the mean square dif-
ference at the (k + 1) and k iteration steps.

To demonstrate that the process, indeed, converged to
the minimum of the function SD, Fig. 6 depicts the normal-
ized error SD as a function of the normalized reaction con-
stant ka. Both SD and ka were normalized with their
corresponding values at the minimum point. All other
parameters except for ka were maintained fixed. Witness
2 Matlab is a product of MathWorks Inc., USA (www.mathworks.com).
that the curve achieves a minimum at the optimal point.
There is no indication of the presence of multiple minima
in the optimum’s vicinity. Similar figures were drawn (but
not shown here) for other parameters.

The calculations were carried out for both a model that
neglects and a model that accounts for natural convection.
When natural convection effects were accounted for, the
estimated optimal parameters were XNC = (ka,kd,a) �
(2.2 · 10�7 m/s, 7.7 · 10�8 m/s, 0.52). When natural con-
vection effects were neglected and the process was governed
only by diffusion and migration, the estimated parameters
were XWC = (ka,kd,a) � (2.8 · 10�7 m/s, 1.7 · 10�7 m/s,
0.56). In the latter case, it was possible to obtain reasonable
agreement between the theoretical predictions and the
experimental observations only for relatively small differ-
ences in potential (DV 6 0.2 V).

Using the estimated values listed above, we depicted in
Fig. 4 the theoretical predictions for the current as a func-
tion of the concentration accounting for (solid line) and
neglecting (dashed line) natural convection effects. Not sur-
prisingly, the predictions that neglect natural convection
effects grossly underestimated the experimental data. When
natural convection effects were accounted for, the theoret-
ical predictions were in good agreement with the experi-
mental observations (symbols).

Fig. 5 depicts the theoretical predictions for the current
as a function of the difference in the electrodes’ potentials
when accounting for (solid line) and neglecting (dashed
line) natural convection effects. When natural convection
effects are neglected, the theoretical predictions greatly
underestimate the experimental data and the predicted lim-
iting current is about 50% of the observed one. When nat-
ural convection effects are accounted for, the theoretical
predictions are in good agreement with the experimental
observations (symbols).

http://www.mathworks.com
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5.3. Description of the flow and concentration fields

To better understand the effects of the induced natural
convection on the electrochemical reactions, we simulated
the electrochemical reaction with the optimal estimated
parameters XNC both neglecting and accounting for natu-
ral convection effects.

In the absence of natural convection, Fig. 7 depicts the
deviation of the steady state concentrations of the ferric
(solid line), ferrous (dashed line) and chloride (dotted line)
ions from their average concentrations as functions of the
radial coordinate r. A difference in potential of 1 V is
applied to the electrodes and the average RedOx electro-
lytes concentrations are C0 = 0.1 M. When natural convec-
tion is absent, the mass transfer process is one-dimensional
and the concentrations are independent of the vertical z-
coordinate. Contour lines of concentration are simply ver-
tical lines (not shown here). On the surface of the cathode
(r = RI), the Fe3+ ion is consumed, and the Fe2+ ion is pro-
duced through reduction. This leads to a lower concentra-
tion of the Fe3+ ion and a higher concentration of the Fe2+

ion next to the cathode. In order to maintain charge neu-
trality, the concentration of the Cl� ion is reduced next
to the surface of the cathode. On the surface of the anode
(r = RO), the ion Fe3+ is produced, and the ion Fe2+ is con-
sumed through the oxidation reaction, leading to a higher
concentration of the ion Fe3+ and a lower concentration
of the ion Fe2+. The current flux is directed normal to
the electrodes’ surfaces, and the component in the z-direc-
tion is zero in the entire reactor cell. As expected, the prod-
uct of r and the r-component of the current flux is a
constant (i.e., r · Jr = constant). The concentration of
Fe3+ next to the cathode (r = RI) equals zero, and the cur-
rent is at its limiting value.
Fig. 7. The steady state deviations of the concentrations of Fe3+ (solid
line), Fe2+ (dashed line) and Cl� (dotted line) from their average values as
functions of r when natural convection effects are neglected. The difference
in electrodes’ potentials is 1 V and the average concentrations [FeCl3] =
[FeCl2] = C0 = 0.1 M.
When natural convection effects are significant, the
concentrations of the ions depend on both r and z.
Fig. 8 depicts the contours of the ion Fe3+concentration
(solid lines) and the streamlines (dash dotted lines) in
the reactor under the same conditions as in Fig. 7. The
numbers next to the concentration contour lines specify
the corresponding concentrations expressed in mol/m3 or
mM. The Rayleigh number Ra � 1675. The motion con-
sists of two convective cells. Only one cell is shown in
the figure. The second cell in the top right corner is very
weak and is not depicted. Fe3+ ions are advected, respec-
tively, towards and away from the cathode next to the top
and bottom of the reactor. The contour lines for the
concentrations of ion Fe2+ and ion Cl� are similar to
the ones depicted for Fe3+, and, in the interest of space,
are not reproduced here. The convective motion enhances
the mass transfer between the electrodes and increases
the concentration gradients next to the electrodes’ sur-
faces with the net result of increased current through
the cell.

The natural convection intensifies as the electrolyte con-
centration increases. Fig. 9 depicts the concentration con-
tour lines of the ion Fe3+ (solid lines) and the streamlines
(dash dotted lines) in the reactor cell. The numbers next
to the concentration contour lines specify the correspond-
ing concentrations expressed in mol/m3 or mM. The aver-
age bulk concentration of each electrolyte is 0.6 M, and the
difference in electrodes’ potentials is 1 V. The Rayleigh
number Ra � 1.2 · 105. The motion consists of two coun-
ter-rotating convective cells. Both cells are shown in the fig-
ure. The concentration contour lines in Fig. 9 are more
distorted than in Fig. 8 due to the stronger convection.
Fig. 8. Contours of the concentration of the ion Fe3+ (solid lines) and the
streamlines (dash dotted lines) are depicted as functions of r and z.
Natural convection effects are accounted for. The difference in electrodes’
potentials is 1 V and the average concentrations [FeCl3] = [FeCl2] =
C0 = 0.1 M. The concentrations labeled in the figure are in mol/m3.



Fig. 9. Contours of the concentration of the ion Fe3+ (solid lines) and the
streamlines (dash dotted lines) are depicted as functions of r and z.
Natural convection effects are accounted for. The difference in electrodes’
potentials is 1 V and the average concentrations [FeCl3] = [FeCl2] =
C0 = 0.6 M. The concentrations labeled in the figure are in mol/m3.
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6. Conclusions

We studied experimentally and theoretically the trans-
port of electric current through an electrolyte solution con-
fined in a toroidal conduit with a rectangular cross-section.
The cylindrical shells of the toroid formed opposing elec-
trodes. Experiments and calculations were carried out for
electrolyte concentrations ranging from 0.1 M to 0.8 M
and difference in electrodes’ potentials ranging from 0 to
1 V. The difference in electrodes’ potentials was kept below
the threshold for water electrolysis. The RedOx electrolyte
solution provided a stable operating environment. Once
steady-state conditions were established, the current was
independent of time. Relatively high currents, without elec-
trode corrosion and bubble formation, were obtained.

The study indicates that natural convection plays a sig-
nificant role even though the dimensions of the reactor are
quite small. Not surprisingly, the natural convection effects
increased in importance as the electrolytes’ concentration
increased. When the difference in electrodes’ potentials
was below a threshold value, the current increased nearly
linearly as the difference increased. Above the threshold
value, the current saturated at its limiting value.

Natural convection plays an important role in our
experiments. Therefore, when one is estimating the electro-
chemical reaction parameters, one must account for the
natural convection effects. We demonstrated the feasibility
of estimating the reaction parameters while fully account-
ing for convection. The theoretical solutions for the electri-
cal current as a function of the difference in electrodes’
potentials and the electrolytes’ concentrations were in good
agreement with experimental data.
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